Understanding of the flow field and falling patterns of ice crystals is fundamental to cloud physics and radiative transfer, and yet the complex shape hampers a comprehensive understanding. In order to create better understanding of falling patterns of columnar crystals, this study utilizes a computational fluid dynamics package and explicitly simulates the motion as well as the flow fields. Three modes of patterns (i.e., strong damping, fluttering, and unstable modes) were identified in the space of inverse aspect ratio (q) and Reynolds number (Re). The boundary of stability depicts the ''L'' shape as found in a previous experimental study. This study newly found that the range of Re for stable motion increases with a decrease in q. Decomposition of hydrodynamic torques indicates that, for stable mode, the pressure and viscous torques acting on the lower prism faces counteract the rotation when the inclination angle becomes 08. The unstable motion was attributed to the pressure torque acting on the upper prism faces, which is associated with eddies that lag behind the oscillating boundary. Observed Re-q relationships of columns suggest that the strong damping mode is most likely to occur in the atmosphere, but the fluttering mode is also possible. Furthermore, the time scales of oscillation and damping were parameterized as a function of q and Re. The impact of the fluttering on the riming process is limited at the beginning, which supports the current formulation in numerical weather and climate models.
Introduction
Flow fields and motion of ice crystals are fundamentally important to the understanding of cloud microphysical and radiative transfer processes. For instance, quantitative understanding of the flow field is necessary to estimate the collision efficiency. The collision between cloud droplets and ice particles is called riming, which is a function of sweeping volume and probability of collision and coalescence. The flow field around a crystal affects the chance of collision through viscosity of the fluid, forcing the cloud droplet with small inertia to follow the streamline (e.g., Wang and Ji 2000) . Anthropogenic pollution and aerosol particles are known to influence precipitation by reducing the riming efficiency (e.g., Borys et al. 2000 Borys et al. , 2003 Saleeby et al. 2009 ). Thus, the accurate estimate of riming efficiency is also important in the context of indirect aerosol effects. The collision between ice particles, called the aggregation process, remains as a frontier in cloud physics research. The collection efficiencies (product of collision and coalescence efficiency) measured in laboratories and estimated with aircraft observations widely differ (e.g., Hosler et al. 1957; Field and Heymsfield 2003; Connolly et al. 2012) . Because of this, the users of cloud-resolving models typically set it to a size-independent constant or tune it to obtain agreement with observation (e.g., Li et al. 2010) . The orientation of ice particles near cloud tops is important for calculation of broadband flux in climate and weather models. For example, Takano and Liou (1989) showed that the reflection in a visible wavelength by randomly oriented plates is larger than the one by an ice sphere, and the one by horizontally oriented plates is even larger, except when the sun is nearly overhead. Therefore, better understanding of orientation as well as flow fields of ice particles is necessary for solving weather and climate problems.
The motion of crystals itself interacts with the flow field through viscous and pressure forces and torques. According to previous tank experiments, small particles (Reynolds number Re ( 1) fall with the orientation undisturbed from the release (e.g., Jayaweera and Mason 1965, hereafter JM65) . As Reynolds number increases beyond 1, particles take the stable inclination with the maximum dimension perpendicular to the flow. Further increase in Re results in unstable motion, chaotic motion, and tumbling. The threshold Re generally depends on the shape of particles and also on other dimensionless numbers. For instance, JM65 found that cones with a flat base flutter for Re . 50 as a result of shedding of Kármán vortex and tumble for Re . 800. They also reported that columns oscillate because of the shedding of eddy at Re . 50, but the motion of columns is also subject to aspect ratio q. For plates, the steady falling occurs up to Re ;100, but, above this limit, occurrence of periodic, chaotic, and tumbling motions are determined by dimensionless moment of inertia as well as Re (e.g., Willmarth et al. 1964; Field et al. 1997) . Note that laboratory studies of falling motion of ice crystals are usually conducted in dense liquid, such as water, instead of air. In addition, stability of natural crystals appears to behave differently from those observed in laboratory experiments. Kajikawa (1992) found that natural plates become unstable at Re 5 47, which is smaller than those observed in laboratory experiments (Re ;100). Falling columnar crystals are known to rotate and oscillate about the minor axes in the atmosphere (Zikmunda and Vali 1972; Kajikawa 1976 ). Kajikawa speculated that the difference between the center of gravity and the geometrical center of the column causes the early onset of instability, whereas Zikmunda and Vali speculated that surface features and microturbulence cause rotational instabilities.
In recent years, as a result of increase in computational power, a numerical approach to the fluid dynamics problems has been proved to be even more effective. The flow characteristics of conical graupel particles and hailstones were studied in detail by Kubicek and Wang (2012) , Wang and Kubicek (2013) , and Cheng and Wang (2013) . Furthermore, the ventilation coefficients for hailstones were obtained by Cheng et al. (2014) . Cheng et al. (2015) simulated the fall attitude of large ice plates explicitly and showed that the fall motion changes from steady to unsteady fall between Re 5 46 and 135.
Columnar crystals are one of the major habits in the atmosphere, typically found from 248 to 288C and from 2408 to 2708C at low ice supersaturation (Bailey and Hallett 2009) . Aggregation processes among needles and columns are expected to be active because of high sticking efficiency associated with the warm temperature range where they grow, and hydrodynamic interaction is one of the factors determining the shape of aggregates at the early stage (i.e., point vs crossed adhesion) (JM65; Takahashi et al. 1992; Kajikawa et al. 2000) . The cold-temperature columns are often found in diamond dust events (Lawson et al. 2006 ) and produce optical phenomena such as halo and sundog (Bohren and Huffman 1983) . Up to this time, stability of idealized (or pristine) columnar crystals falling in the air was never investigated rigorously. The aims of this paper are to understand the stability of falling hexagonal columns and to provide parameterization of the oscillation and damping time scales. To this end, we explicitly simulate their flow fields as well as the falling motion by solving relevant governing equations numerically. A wide range of Re and q is encompassed to cover columns and needles in the atmosphere. The hydrodynamic torque is decomposed into pressure and viscous torques acting on the faces of the column, and we attempt to understand the stability by linking it to the flow fields. Hashino et al. (2014, hereafter H14) investigated the flow fields and hydrodynamic torque acting on inclined planar and columnar crystals with steady-state simulations. This research expands the study of H14, focusing on hexagonal columns, with simulation of unsteady flow and motion. The list of symbols is given in the appendix.
Physics and mathematics of the problem
The fluid dynamics package used in this study is ANSYS Fluent version 15.0. This is the same software that the abovementioned researchers and H14 utilized. We utilize the dynamics-mesh option of Fluent, which generates and smoothes the mesh based on quality thresholds and lengths every few time steps. The movement of a falling crystal is explicitly simulated based on the forces and torques acting on them. Note that we allow all 6 degrees of freedom (3 in translation and 3 in rotation). The technique employed in this study is essentially the same as the one used by Cheng et al. (2015) .
The computational domain in this study is cylindrical, made up of five fluid zones [outer wind tunnel (OWT), wind tunnel (WT), sub-wind tunnel (SWT), boundary layer zone (BL), and sub-boundary layer zone (SBL)] and four boundaries (inlet, outlet, symmetry, and crystal surface) to specify boundary conditions (Fig. 1) . Division of computational domain is vital in order to constrain the area of dynamic mesh and maintain the mesh quality. The mesh inside OWT is stationary to ensure numerical stability near the boundaries (Fig. 1a) . The WT is situated inside of OWT, and it allows the mesh to deform as the next interior zone, SWT, moves (Fig. 1b) . The SWT is specified to move horizontally or vertically, according to movement of the crystal inside, but does not rotate. The mesh in SWT is not affected by the movement of crystal (Fig. 1c) . The mesh in BL deforms to accommodate the rotation of SBL (Fig. 1d) . The SBL passively moves with the crystal, inside of which the mesh does not change at all relative to the FIG. 1. Definition of computational domain. The cylindrical domain is made up of five fluid zones (OWT, WT, SWT, BL, and SBL) and four boundaries (inlet, outlet, symmetry, and crystal surface) to specify boundary conditions. (a) The mesh inside OWT is stationary to ensure numerical stability near the boundaries. (b) WT is situated inside of OWT, and it allows the mesh to deform as the next interior zone, SWT, moves. SWT is specified to move horizontally or vertically, according to movement of the crystal inside, but does not rotate. (c) The mesh in SWT is not affected by the movement of the crystal. (d) The mesh in BL deforms to accommodate the rotation of SBL. SBL passively moves with the crystal, inside of which the mesh with the inflation does not change. Note that the relative positions of BL, SBL, and the crystal to SWT always stay the same.
crystal. Note that the relative positions of BL, SBL, and crystal to SWT always stay the same. The dimensions of a hexagonal column are defined with the maximum dimension d of basal facets along the a axis and the length L along the major or c axis (Fig. 2a) [see Pruppacher and Klett (1997) or Wang (2013) for definition]. The aspect ratio q is defined as q 5 L/d. The coordinates and angles with respect to the column are shown in Figs. 2a,b. The global (inertia) coordinates are indicated with x, y, and z axes. The crystal is situated parallel to the x-z plane at the initial time. We define local coordinates attached to c and a axes of the hexagonal crystal as x 0 and z 0 (Fig. 2b) . Furthermore, x 00 , y 00 , and z 00 axes are introduced in such a way that x 00 and z 00 are in the same plane as the x 0 and z 0 and that z 00 is parallel to global z axis. Finally, u x , u y , and u z are defined as the rotation angles around x 0 , y 00 , and z axes (Fig. 2a ). In the following sections, the flow field, forces, and torques are described with respect to the local coordinates attached to the crystal (i.e., x 00 , y 00 , and z 00 axes). In this study we numerically solve the time-dependent incompressible Navier-Stokes and continuity equations in the Cartesian coordinates. Using the Cartesian summation convention (i being the free suffix and j being the repeated suffix), these are written as
(i 5 1, 2, and 3) (1)
where u i is the air velocity (i 5 1, 2, and 3 corresponding to x, y, and z axis), p is the air pressure, r a is the air density, and y the kinematic viscosity of air (readers are referred to the appendix list of symbols). The boundary conditions are as follows: u i 5 0 (i 5 1, 2, and 3) at crystal surface,
›u 3 ›x 3 5 0 at outlet of OWT, and (5)
(i 5 1, 2, and 3) at symmetry of OWT ,
FIG. 2. Definition of dimensions, coordinates, and angles (a) in a 3D view and (b) on the x-z plane, and (c) definition of faces. The global (inertia) coordinates are indicated by the x, y, and z axes. The crystal is situated parallel to the x-z plane at the initial time. The quantities x 0 and z 0 denote the local coordinate attached to c and the a axis of the hexagonal crystal; x 00 , y 00 , and z 00 are the local axes defined in such a way that x 00 and z 00 are in the same plane as the x 0 and z 0 and that z 00 is parallel to the global z axis; V m denotes the particle motion vector; u x , u y , and u z are defined as the rotation angles around the x 0 , y 00 , and z axes, respectively; u F is the angle between V m and negative direction along z 00 ; u yF is the inclination relative to V m (u yF 5 u F 1 u y ).
where U 3 is the stream velocity. The atmospheric environment is assumed to be 800 hPa, 288C, Issa 1986) , and the advection of momentum is solved with the quadratic upstream interpolation for convective kinetics (QUICK; Freitas et al. 1985) . A second-order implicit scheme was chosen for transient formulation with the time step typically set to 1 or 2 3 10 25 s.
Similar to H14, the computational domain was discretized mainly with tetrahedrons. Near the crystal surface, 10 layers of hexahedrons were implemented to better resolve the boundary layer (called inflation). It is noted here that this study uses patch-conforming grid generation and inflation, which are different from Cheng et al. (2015) . The domain consists of about 400-800 3 10 3 cells (more for larger q of the crystal). Only one case (case 40 in Table 1 ) was implemented with 1449 3 10 3 cells to resolve eddy behind the column better, but the motion and stability were essentially the same with a setting with 442 3 10 3 cells. The robustness was confirmed also with different numerical schemes and grid resolution (see also Cheng et al.'s discussion) . Therefore, we are confident that the motion and stability obtained in this study are robust results.
For this study, we consider 19 cases of hexagonal columns by varying Reynolds number and aspect ratio ( Table 1) . The Reynolds number is defined as
where u ' is its terminal velocity. The mass of a hexagonal crystal is simply calculated by assuming the bulk density of ice, M 5 3 ffiffi ffi 3 p r i r 3 q. The moment of inertia around the y axis I y is given as
Following H14, the dimensions of a hexagonal column and terminal velocity for a given Re and q are determined from a lookup Table 1 , and a q of 2. 22, 3.335, 5.0, 8.33, 15.28, and 25 .63 is also denoted as axr1, axr2, . .. , axr6, respectively.
To perturb the flow field around crystals, we implement each free-fall case from an inclined state. As denoted with u y in Figs. 2a and 2b, the major (or c) axis of a hexagonal column is rotated around y 00 by 208 in the counterclockwise direction (i.e., u y 5 2208). First, a steady flow field is calculated for the inclined state of the column with a constant U 3 . Next, the free-fall simulation is initialized with the flow field and implemented for a dozen time steps. These two steps are repeated with slight changes in U 3 so that the crystal falls by a small amount over the time steps.
Duration of the free-fall simulations was typically 1 s, but some are 0.5 s. Most of the cases attain a constant vertical velocity (i.e., terminal velocity u ' ) during the period, but some high-Re B cases do not (see the rightmost column of Table 1 ). Thus, u ' for the free-fall simulation is calculated as u ' 5 U 3 2 y f z , where y f z is the z velocity of the particle relative to the streamflow at the latest time in simulation when u y 5 0 is achieved. The Reynolds numbers obtained this way from the free-fall simulations are also denoted as Re. It is worth noting that all the free-fall simulations eventually led to higher u ' than those initially calculated with Böhm's formula. Consequently, the Re in the free-fall simulation is larger than the specified Re B and ranges from 10 to 194 (Table  1) . In the following, it is shown that the Re and drag coefficient in the free-fall simulation are self-consistent 
within Fluent, and hence we believe that the discrepancy between Böhm's formula and simulated ones is not a problem in the analysis of flow field and stability.
Results

a. Fall patterns of hexagonal columns
In this section, we describe simulated falling patterns of the hexagonal columns with Re 5 10, Re 5 58, and Re 5 139 (cases 5, 20, and 40 in Table 1 ) since they exhibit typical patterns found in all the cases. The trajectory of the Re 5 10 column in the global x-z plane shows fluttering in the x direction initially (Fig. 3a) , but the horizontal translation decreases with time. As shown in Fig. 4a , the inclination angle of the c axis relative to the horizontal u y is strongly damped over the course of falling. The magnitude of vertical velocity of the column relative to the streamflow y z increases initially with the oscillation (Fig. 4b ) but starts to decrease at about 0.1 s along with the amplitude of oscillation. The reduction in the magnitude of oscillation is directly related to the attainment of the terminal velocity, since the decrease in u y corresponds to the increase in crosssectional area against the flow, therefore the drag. When u y becomes sufficiently small (after 0.4 s or z 5 23.5 mm), the column starts a horizontal translation toward the positive x direction (Fig. 3a) . At this moment, the fall speed has reached the terminal velocity of 20.74 cm s 21 relative to the streamflow (Fig. 4b ). The trajectory in y x -u y space appears as a spiral because of the damping and the about 908 phase difference between them (Fig. 4c ). The peaks of y x are achieved when u y 5 08 as expected. Note that the horizontal translation is actually larger in y direction than the one in x direction (of global coordinates) and about twice the length of the crystal at t 5 1 s. This translation is related to positive rotation along the c axis of the column (Fig. 4a) . At the initial time, a vertex of the hexagon of the column points in the negative z direction and the two prism faces adjacent to the vertex lie symmetric across the x-z plane (Fig. 2c) . This way horizontal y components of pressure and viscous forces acting on the two prism faces cancel each other. When it rotates around the c axis, the symmetry and the balance in the horizontal forces break down. Thus, the positive (negative) rotation leads to the translation in the negative (positive) y direction. The hexagonal column of Re 5 58 shows a persistent fluttering in the global x-z plane throughout the simulation (Fig. 3b) . The crystal horizontally translates about 1 mm in the one-cycle of oscillation, which is about one-quarter of the length. On the other hand, the y component of horizontal transition (;6 mm at t 5 1 s) is much larger than the x component, as in the case of Re 5 10, related to the rotation around the c axis (Fig. 5a ). For this Reynolds number, the trajectory in y z -u y space assumes a butterfly shape, as reported by Belmonte et al. (1998) for a falling paper in dense liquid. The shape basically indicates that the phase of v z is shifted by more than 908 and the frequency is about half of u y . The slowest y z is achieved at around 6138, not at 08. The fastest v z is achieved at around 6168, not at the largest inclination angle. The y z keeps oscillating, but it reaches quasi-steady state after 0.5 s. The fluctuation in y x (about 70 mm s 21 ) is about 10 times larger than the one in y z (about 7.5 mm s 21 ). Since the damping is negligible, the trajectory in y x -u y space is close to an ellipse (Fig. 5c ). The hexagonal column of Re 5 139 shows an unstable fall mode where the magnitude of oscillation angle u y keeps increasing as it falls (Fig. 3c) . Note that the fall velocity is actually positive for the first 0.2 s because of the large stream velocity. As u y increases, the fall velocity also increases (Fig. 6b) because of the reduction in cross-sectional area. After it reaches 280 mm (or about 0.6 s), it starts tumbling in the global x-z plane. Once it reaches 908, the crystal quickly rotates around the c axis by about 1808 before the magnitude of u y starts decreasing (as indicated by u x of Fig. 6a ). This leads to the apparent tumbling in the global x-z plane, although the crystal keeps oscillating around the local y axis. The amplifying oscillation of u y is accompanied by increase in y x , which assume the outward spiral motion in y x -u y space (Fig. 6c) . The amplitude of oscillation in y x reaches more than 100 mm s 21 , which produces the x translation of about 45 mm at 1 s. This is more than 10 times the length of column. After about 0.732 s, y z of the column oscillates around 275 cm s 21 (Fig. 6b) , meaning that it has reached a steady state with terminal velocity.
b. Stability diagram
As described above, the time series of the angle around the y axis u y for Re 5 10, 58, and 139 clearly indicate the stable, neutral, and unstable modes of free fall (Figs. 4a, 5a, 6a) . To survey the fall modes comprehensively, the aspect ratio and Reynolds number were varied, following H14 (Table 1) . We found an L-shaped boundary separating the stable and unstable regimes in Re and inverse aspect ratio q 21 (5d/L), as indicated by the dashed line in Fig. 7 . The boundary was subjectively determined by connecting slightly stable-unstable and neutral cases. The fall of hexagonal ice columns is stable when Re is less than ;50 or when d/L 3 100 is about 4 or less (equivalent of q 5 L/d . 25.63) for Re , 200. This is very similar to the finding of JM65 (see their Fig. 7 ), who showed that there is a boundary between a steady motion regime without oscillation (or fluttering) and persistent fluttering regime. At the boundary the particles were observed to oscillate but with heavy damping. Even though JM65 studied steel cylinders falling in liquid paraffin, our results match with theirs in terms of Re and q 21 . A new finding of this research is that the stability boundary appears to curve toward larger Re with d/L from Re 5 50 and d/L 3 100 5 20, or, in other words, the stable area expands to larger Re as q decreases from 5. Figure 7 shows a power-law fit to columns observed by Auer and Veal (1970) with the black curve, which is extended beyond the sample limit of Re 5 20. Also shown are the Re-q relationships for rimed long columns of Mitchell (1996) , hexagonal columns of Mitchell (1996) , and elementary needles of Mitchell et al. (1990) with orange, green, and violet curves, respectively. These particular examples stay in the stable regime throughout the growth. Previously, Re of hexagonal columns (including rimed columns and needles) was observed to be situated less than 60 and the aspect ratio (9) of H14. The black curve shows a power-law fit to columns observed by Auer and Veal (1970) , extended beyond the limit of Re 5 20. The orange curve is for rimed long columns of Mitchell (1996) , the green is for hexagonal columns of Mitchell (1996) , and the violet is for elementary needles of Mitchell et al. (1990) . The Re was calculated with the formula of Heymsfield and Westbrook (2010). less than 25 (Zikmunda and Vali 1972; Kajikawa 1976 ). Mitchell (1996) also noted that the Reynolds numbers of observed columnar crystals are less than 50, so generally they never grow large enough to enter the fluttering or unstable modes. Therefore, it is concluded that pristine columnar crystals in the atmosphere generally exhibit the stable motions and possibly reach the fluttering regime, but the unstable fall mode is not realizable.
c. Torque analysis
The torque acting about the local y axis can be decomposed to those acting on faces of the crystal. We shall name the pair of prism faces in the positive (negative) z direction as prism z 1 (prism z 2 ) at the initial time (Fig. 2c) . The two prism faces perpendicular to the y axis are called prism y. The basal face pointing in the positive (negative) x direction is called basal x 1 (basal x 2 ). Furthermore, we shall decompose the torque into pressure and viscous torques. For instance, the pressure torque acting on prism z 1 with respect to the local y axis (or y 00 axis) can be calculated as a surface integration of the y 00 component of the torque:
where x p is the position vector on the face, x cg is the center of gravity of the column, a is the normal vector of the face, and y 00 is the unit vector of the local y axis in global coordinates. For the viscous torque, p s a is replaced with viscous stress acting on the face. At Re 5 10, the contribution of pressure torque (Tprs) to the total (pressure plus viscous) torque (Ttot) is about 56% (Tprs/Ttot column of case 5 in Table 2) , and the viscous torque cannot be ignored. The direction and magnitude of torque components are illustrated with arrows on the left two columns of Fig. 8 along with trajectory in T y 2u y space on the right. It is noted that the positive u y is defined to be clockwise from the x 00 axis (Fig. 2b) , and the positive T y is in the clockwise direction about the local y (or y 00 ) axis (Fig. 2a) . When the column is inclined by u y 5 2208, the prism z 1 and z 2 pressure torques both act to restore the perpendicular attitude (u y 5 08) (Fig. 8a) . The viscous torques on prism z 2 and on basal x 1 , as well as pressure torque on basal x 1 always act to increase the inclination angle (Figs. 8d,g ). Actually, the magnitude of viscous torques acting on basal x 2 (basal x 1 ) is the largest among the components for the negative (positive) u y (Fig. 8i) . The viscous torque on prism y has a comparable magnitude as those on prism z 1 and z 2 (Figs. 8f,i) , whereas the pressure torque on prism y is negligible (not shown). When the column reaches u y ; 08 from negative u y , both of the total pressure and viscous torques act to rotate toward the negative direction already (Figs. 8b,e) . The total negative torques are associated with the pressure and viscous torque acting on prism z 2 (i.e., lower prism faces). Note that the viscous torques on basal x 1 and x 2 have the largest magnitude at u y ; 08, but they cancel each other (Fig. 8i) . For the case of neutral fall mode (Re 5 58), the pressure contribution to the total torque becomes larger (71%) (Tprs/Ttot column of case 20 in Table 2 ). The directions of torques for Re 5 58 are the same as those for the stable case, but the relative magnitudes are different. When the column is inclined at u y 5 218.48, the pressure torque on prism z 1 is the largest component of all (Figs. 9a,c) . The viscous torque on basal x 2 exhibits about a half of the pressure torque (Figs. 9g,i) .
Interestingly, when the column becomes horizontal (u y ; 08) from the negative angle, the pressure torque on prism z 1 balances with that on prism z 2 (Figs. 9b,c) , which is also true for viscous counterparts (Figs. 9e,f) . However, the viscous torque on prism y shows a positive torque (Figs. 9h,i) , which acts to accelerate the rotation toward the positive direction.
When the fall motion becomes unstable at Re 5 139, most of the torque (about 81%) is created by the pressure (Tprs/Ttot column of case 40 in Table 2 ). When the column is inclined by 229.38, the pressure torque acting on prism z 1 contributes most, followed by the pressure torque acting on prism z 2 (Figs. 10a,c) . The viscous torques on prism z 1 and z 2 (Figs. 10d,f) and pressure torques on prism y, basal x 1 and, basal x 2 (Figs. 10g,i) are negligible. When the column becomes horizontal from the negative angle, the substantial pressure torque still acts on prism z 1 in the positive direction (Figs. 10b,c) . Along with the small positive viscous torque, this pressure torque on prism z 1 (upper facets) is the reason why the column accelerates to the positive direction.
d. Relationship between flow fields and torques
How are the hydrodynamic torques discussed above related to the flow fields? As indicated by the stream traces (Figs. 11a,d) , the flow around the column at Re 5 10 is laminar without standing eddies behind the column. This is similar to the steady-state case of Re 5 2 discussed in H14. The nondimensional pressure K 5 (p s 2 p ' )/(r a u 2 ' /2) and the nondimensional vorticity around the y axis [NV y 5 § y d/(2u ' )] are shown in the left two columns of Fig. 8 with black contours and color shades, respectively. The symbols are defined in the appendix. When it is inclined, K becomes minimum on the upper-left corner and relative maximum close to the right corner (left column of Fig. 8a ). This corresponds to the positive pressure torque on prism z 1 . Similarly, the maximum of K at the lower-left corner can be attributed to the positive torque on prism z 2 . Since NV y near the surface is related to the viscous torque caused by the wall shear stress at the surface, it can be seen that the sign of NV y on each face corresponds to the direction of the viscous torque. The fact that the pressure and viscous torques on prism z 2 are not zero at u y 5 0 suggests that the K and NV y are not exactly symmetric across the y-z plane.
The neutral fall mode (Re 5 58) accompanies unsteady eddy formation behind the column (Figs. 11b,e) . When the inclination angle is at maximum, the positive NV y is widely distributed away from the left basal facet to the back of the column (yellow fills on the left column of Fig. 9) . A minimum K near the upper-left corner is associated with the positive pressure torque (black dotted lines on the left column of Fig. 9 ). The positive NV y exists near the right upper corner because of the eddy circulation from the right basal facet (Fig. 11b) . When the u y ; 08, the stream traces from both upper corners appear to meet almost at the center of the crystal (Fig. 11e) . However, the positive NV y are distributed more to the right in the downstream of the crystal (the middle column of Fig. 9 ). When u y increases from 218.48 to 08, the crystal translates to the negative x direction (Fig. 3b) . It is speculated that the translation itself partly causes the positive NV y to be in the right-hand side but, more importantly, that the response time of the eddy to the boundary is not short enough to make the distribution even.
The flow fields for the unstable fall mode (Re 5 139) appear to be qualitatively similar to the neutral case (Re 5 58) at first glance (Figs. 11c,f) . However, since Re is higher, the length of the eddy in z direction, the magnitude of horizontal velocity, and NV y (color shades of Fig. 10 ) are larger than those of Re 5 58. The distinct difference here from the neutral and stable cases is that with the inclination the positive NV y exists on the upperright basal face (orange fills on the left column of Fig. 10) . In other words, the flow separation occurs in the middle of the right basal face. This leads to the zero viscous torque acting on basal x 1 . When the column becomes horizontal, the asymmetry in the eddy and NV y is more pronounced than that in Re 5 58. Correspondingly, the K at surface shows a maximum on the righthand side of the upper prism faces below which the two eddies meet (Fig. 12) . Thus, the asymmetry in the eddy circulation behind produces the driving torque toward unstable motion.
e. Explanation for stability
We saw the dependence of stability on both Re and the q-like ''L'' shape (Fig. 7) . The reason is speculated as follows. The eddy behind the column intensifies with Re as well as the horizontal motion, which causes the delay in adjustment of pressure distribution behind to the moving crystal surface. Once it rotates more so that the inclination increases, jy z j (and Re) increases. This leads to even larger delay or asymmetry in the eddy structure. Thus, this positive feedback can be partially explained with Re. A large q can weaken the impact of eddy by separating the two eddies and by increasing I y [for a fixed r in Eq. (8)]. This is why the longer columns are more stable for the same Re. On the other hand, as q decreases, the contribution of the pressure torque acting on prism z 1 decreases for the same Re. Instead, the viscous torques acting on basal x 1 and x 2 become dominant. This is why the threshold Re of persistent fluttering increases with a decrease in q beyond 5 (dashed curve of Fig. 7) . In other words, a minimum threshold Re is likely formed by the effects of basal x Fr 5
where t p is the oscillation time period of the pendulum and t y is the time scale of downward motion (t y 5 L/u ' ). As shown in Table 2 , our system (ice crystal falling in the air) has an Fr much greater than 1, meaning that the time scale of falling is much shorter than the one of rotation. This is different from the findings of Belmonte et al. (1998) , who studied a falling stripe in water or dense liquid for Fr less than 1 and Reynolds number of more than 1000. In that case, the transition from flutter to tumble occurs at Fr 5 0.67. We found that q 21 is almost linearly related to Fr. As q increases, the time scale of pendular motion decreases relative to the one of downward motion. As discussed in terms of q above, when the pendular motion reaches the certain slow oscillation (i.e., Fr ; 40 or so) from higher Fr, the fall mode becomes stable for large Re (up to 200). Since t y is expected to be proportional to the eddy time scale, we concluded that, at low Fr (40-45, depending on Re), the eddy behind the crystal has enough time to adjust to the rotating crystal surface.
f. Time scales and the parameterization
In general, the time period of oscillation t p increases with both Re and q (Table 2, Fig. 13a ). However, it depends more on q than on Re. This is also true to the time scale of downward motion t y . Kajikawa (1976) reported that the rimed needle (L 5 2.34 mm, q ; 10) and rimed sheath (L 5 2.36 mm, q ; 6) had an oscillation time period of about 0.13 and 0.05 s, respectively. These periods roughly lie in the range similar to the simulated t p .
Using the torque factor parameterization given by H14 and moment of inertia, we can estimate the time period of oscillation of free-falling columns based on a linear harmonic oscillator model, which is given as Eq. (B.9) of H14 (Table 2) 
where I y is given by Eq. (8) and T 0 is the torque factor. Note that this formula was derived from the linear oscillator model without damping term, and the parameterization for T 0 [Eq. (9) of H14] was obtained from steady-state simulations. As indicated by the gray curve in Fig. 7 , the T 0 increases with Re for a constant q, or increases with q for a constant Re. It turned out that the torque factor parameterization tends to overestimate (underestimate) the torque for the free-fall simulations for Re , 40 (.150) by more than 35% relative error (Table 2 ). However, because of the root operation,t s p is still a good estimate for the free-falling crystals. The physical reason for the overestimation is unclear, while the underestimation is likely due to the high Re, which is outside of the sample bounds for the parameterization. Using the free-fall simulations, the time period of oscillation was parameterized in the following form with the 18 cases:t f p 5 a 0 1 a 1 Re 1 a 2 q 1 a 3 Req ,
where a 0 5 1.3467 3 10
22
, a 1 5 2.8257 3 10
24
, a 2 5 8.5923 3 10 23 , and a 5 4.3397 3 10 26 . The time periods estimated with Eq. (12) are shown in Fig. 13a and have a root-mean-square error (RMSE) of 3.7 3 10 23 s, which is less than 10% of the minimum t p listed in Table 2 . We found that a linear oscillator model with damping approximation is valid for most stable cases and two neutral cases, in which u y stays around or less than 208 over time (as seen in Figs. 4a, 5a) . The model is simply written as
where u 0 is the initial inclination angle, and f(t) is the damping term. In case the damping torque is proportional to angular velocity, the underdamped solution has the following damping:
where the parameter b 0 is related to the damping constant C through C 5 22I y b 0 . We estimate C by manually fitting the parameter b 0 to the peaks in the time series of u y . For some neutral and unstable cases, the above exponential damping does not give a good fit. For those cases, we apply a linear or parabolic fit to the data as
The parameters b 0 and b 1 and damping constant C, as well as the functional form for damping are listed in Table 3 . When Eq. (14) is appropriate, the damping time scale t d is simply given as 21/b 0 and is dependent on Re and q (Fig. 13b) . The damping time period for the stable mode was parameterized for Re , 100 with the 10 cases:
where g 0 5 24.5896 3 10 22 , g 1 5 1.0625 3 10 22 , g 2 5 21.4036 3 10 23 , and g 3 5 3.9306 3 10 22 . The RMSE of fitting Eq. (17) is 4.1 3 10 22 s, which is 27% of the minimum t d (Table 3 ). It was assumed that there is a minimum time period over q for a given Re, which was conjectured from the stability diagram (Fig. 7) .
g. Drag coefficient
The drag coefficients C D for all the cases were calculated using the fall velocity and drag when the inclination angle u y is zero near the end of each simulation (consistent with the definition of Re). Figure 14 Fig. 14) is larger than the one for circular cylinders (open circles) for the same Re and q. Second, the steady-state C D for hexagonal columns agrees well with a semiempirical parameterization of Heymsfield and Westbrook (2010) for columns and rimed long columns (thick solid and dotted-dashed gray curves), which validates the relationship between Re and C D obtained from Böhm's (1992) general formula for steady-state simulations. Finally, the simulated C D (filled squares and diamonds) also matches well with the C D of Heymsfield and Westbrook. This supports the results of numerical simulation obtained under free-fall settings. As reported by Heymsfield and Westbrook, Mitchell's (1996) parameterization underestimates C D for hexagonal columns, which is also shown in Fig. 14 (cf. thick  dark gray and gray curves) . Surprisingly, the parameterization given by Wang and Ji (1997) for hexagonal plates (thin solid curve) matches with the samples obtained for hexagonal columns, irrespective of the stability. Thus, the parameterization can be used for hexagonal columns, which is C D 5 64 pRe (1 1 0:078Re 0.945 ).
As discussed in H14, C D by Wang and Ji tends to be smaller than the experimental data. This point is also clear by comparing the parameterizations by Mitchell (1996) and Heymsfield and Westbrook (2010) for hexagonal plates (thick dashed curves). 
h. Implication for cloud microphysics
As discussed above, the motion of persistent fluttering may occur in the atmosphere. To investigate the impacts of oscillation on collection process, the sweeping volume was calculated for Re 5 58 (Fig. 3b) . When the fluttering occurs, the particle motion vector is not vertical anymore but has an angle because of the horizontal translation indicated by u F (Fig. 2b) . Since the inclination angle u yF relative to the fall velocity vector oscillates with larger amplitude than u y , the fluttering leads to the reduction of the cross-sectional area projected perpendicular to the particle motion vector.
Considering that one of the basal facets contributes to the cross-sectional area for inclined columns, we calculated the sweeping volume defined as a product of the cross-sectional area, magnitude of the particle motion vector, and time step, and then averaged from 0.5 to 1 s (quasi-steady state). The impact of fluttering depends on the difference of fall velocities between the column and particles being collected (say, cloud droplets). When cloud droplets with zero fall velocity are situated below the fluttering column, the reduction in sweeping volume relative to the conventional sweeping volume [i.e., the collection kernel defined as the constant terminal velocity times cross-sectional area without inclination (see Wang 1983 Wang , 2013 ] is only 1.56% (Table 4) . As the fall velocity of cloud droplets increases, the contribution of the horizontal component of fall velocity increases relative to the fall velocity difference. This increases the magnitude of u yF , thus leading to more reduction in the sweeping volume than the cases with small fall velocity of cloud droplets. However, the reduction for cloud droplets with 99% of the fall velocity of column reaches only 7.1%. Therefore, the impact of persistent fluttering on sweeping volume is small.
Summary and discussion
In this study, the flow field and free-fall motion of ice hexagonal columns in the air were numerically solved and analyzed in detail. The crystals were initially inclined by 208 from the stable attitude, and each free-fall simulation was started from the steady-state solution of the inclined state. We conducted 19 simulations varying the aspect ratio q and Reynolds number of crystal Re to investigate the stability of motion comprehensively.
First, we investigated the free-fall motion of three hexagonal columns with Re 5 10, 58, and 139, which showed strong damping, fluttering, and unstable motion, respectively. The phase of horizontal velocity of the columns differs by 908 from the phase of inclination angle, as expected. However, especially during the persistent fluttering, the phases of the angle and the fall velocity differ more than 908. That is, the fall velocity is at maximum when the inclination is less than the maximum angle, whereas the minimum fall velocity is not achieved at inclination angle of 08. In case of the unstable motion, the inclination angle amplified with time and led to apparent tumbling motion at the quasisteady state. Second, the stability diagram of hexagonal columns in free-fall motion was constructed. The L-shaped boundary separating damping and unstable regimes was found in the space of inverse aspect ratio (q 21 ) and Re, and it matches well with JM65. The stability is mainly determined by Re when the column has a modest q; the columns are stable when Re is less than about 50 and q is less than 20. For q more than 20, the column is stable up to Re 5 200. It was newly found that the threshold Re increases again toward smaller q. Based on previous observations of columns, we conclude that unrimed columns and needles mostly exhibit the damping motion in the atmosphere, and only large ones may reach the persistent fluttering mode, but the unstable fall mode is not likely to occur. Zikmunda and Vali (1972) reported that some of the rimed crystals fell with their major axis vertical, which might be an unstable fall due to the larger mass growth by riming and, therefore, larger Re.
To understand the stability of falling motion, the hydrodynamic torque acting on the columns was decomposed into pressure and viscous torques acting on the faces. The columns in the stable fall mode typically show that the viscous and pressure torques acting on lower prism faces counteract the rotation at an inclination angle of 08. On the other hand, those in the unstable mode are accompanied with a dominant pressure torque on the upper prism faces that accelerate the rotation at 08. As Re increases, the size of eddies behind the column increases as well as the vorticity associated with it. This leads to the delay in adjustment of eddy to the rotating crystal surface and an off-center local pressure maximum on the upper prism face. Such asymmetry in the surface pressure causes the acceleration of rotation. We found that q plays an important role in stability. A large q can weaken the impact of eddies on the pressure of upper faces by separating the eddies; it also increases the moment of inertia. On the other hand, a small q leads to weak eddies and relatively more area for viscous forces to act on basal faces, stabilizing the column. Therefore, q 21 can be a substitute for a widely used Froude number that is defined by a time-scale ratio of oscillation and falling. The time scale of oscillation obtained with steadystate torque parameterization (H14) shows a good agreement with the free-falling simulation, although the parameterized torque itself tends to overestimate when Re , 40. For most of the stable cases, we were able to fit the underdamping solution of a linear harmonic oscillator model to the time series of inclination angle. We provided the parameterization of oscillation-damping time scales as a function of Re and q, which is useful in studies that consider an ensemble of crystals with large spatial scales.
The simulated drag coefficients nicely line up with those of Heymsfield and Westbrook (2010) for Re less than 20, which supports the results obtained with the free-fall simulation. When Re is greater than 20, the simulated drag coefficients collapse onto a single curve irrespective of q. An issue in the experiment design is that all the experiments give larger terminal velocity than one estimated with Böhm's (1992) general formulation. The reason for this is unclear, since Böhm's results give a good agreement with Heymsfield and Westbrook under steady-state simulations. Since the drag coefficient is self-consistent in the numerical model, we believe that the issue does not affect overall results obtained in this study. FIG. 14. Comparison of drag coefficient of hexagonal columns against previous parameterizations. The squares and diamonds with colors were obtained from the free-fall simulations. Red filled markers are unstable and blue filled markers are stable cases. The slightly stable (unstable) fluttering cases are indicated by white fill with blue (red) edge. The neutral fluttering case is indicated by white fill with black edge. The drag coefficients from steady-state solutions from H14 are shown: circles for cylinders and crosses for hexagonal plates. Triangles are the steady-state drag coefficients for hexagonal columns obtained in this study. The parameterizations of Wang and Ji (1997) are shown in thin lines: solid curve for hexagonal plates, dashed curve for broad-branched crystals, and dotted-dashed curve for columns. The parameterization for an infinitely long circular cylinder by Pruppacher and Klett (1997) is shown with thick black dotted-dashed lines for reference. The thick black curves were obtained from Mitchell (1996) , whereas the thick gray ones are from Heymsfield and Westbrook (2010) : dashed for hexagonal plates, solid for hexagonal columns, and dotteddashed for rimed long columns. Based on a simple calculation, we conclude that the fluttering of hexagonal columns (up to 208) is unlikely to cause a significant reduction in the sweeping volume during riming process. The fluttering may affect the riming collision efficiency. Hashino et al. (2010) calculated riming collision efficiency for inclined circular cylinders under steady state. When the inclined angle is less than 308, however, there was almost no reduction from the case of stable attitude. Of course, the inclination changes the location of rime deposits on the surface, and this in turn can change the falling pattern and stability. Therefore, at least at the initial stage, the riming growth rate is unlikely to be affected by the fluttering, and the current formulation of sweeping volume used in numerical weather and climate models is valid.
Different from the previous tank experiments, the rotation around the c axis almost always occurs in our simulation. This can be caused by discretization error associated with grid generation. However, it also suggests that the initial attitude of the hexagonal column, the vertex pointing straight down, is not as stable as previously thought. In fact, Zikmunda and Vali (1972) noted that there was at least one case with rotation around the c axis. The tank experiment by Westbrook (2011) showed that the initial attitude is robust during fall in the dense liquid. Furthermore, Westbrook demonstrated that scalene columns could fall in a way that the two prism facets are aligned horizontally and the alignment is necessary for the Parry arc to occur. This study suggests a possibility of the horizontal alignment in the air for regular hexagonal columns. If so, the Parry arc is still possible with the regular hexagonal columns. We note that the short columns (aspect ratio of 2 and 3) exhibited the oscillation around the c axis as well as the one around the vertical axis within 1 s. 
